Mathematica 11.3 Integration Test Results

Test results for the 4 problems in "4.2.2.2 (g sin)*p (a+b cos)*m (c+d
cos)*n.m"

Problem 1: Result unnecessarily involves imaginary or complex numbers.

J\/dCos[eﬂcx] “Jgsin[e+ fx] .

a+bCos[e+fx]

Optimal (type 4, 509 leaves, 16 steps):
V@ g ArcTan[1- YZYEeSiniectnl 1 g e ancran (1 V2T Jesinfet |

\/g +/dCos[e+fx] /g +/dCos[e+fx]
- +
V2 bf V2 bf
2+/2 ad+/g /Cos[e+fx] EllipticPi[—@, ArcSin| gsinferfx] ], -1]
Va+b /g +/1+Cos [e+fx]

bv-a+b va+b f+/dCos[e+fx]

2+/2 ad/g \Cos (e + x] Ellipticpi[ 2B, arcsin| —(sSnefd ) 4]
a+

/g +/1+Cos [e+f x]

bv-a+b va+b f+/dCos[e+fx]

Vd Vg Log[g - J2 Vd JJgsinle-fx) +Vg Tan[e+fx] |

d Cos[e+f x]

2+/2 bf
Vd g Log[\g + PLAESINEN g ranle  £x] |

dCos[e+f x]

2v/2 bf
Result (type 4, 272 leaves):



2 | Mathematica 11.3 Integration Test Results for 4.2.2.2 (g sin)”p (a+b cos)”~m (c+d cos)”™n.nb

1

V-a-b VJa-b bf [-Coslefxl (Jogin(e+ fx]

1+Cos [e+f X]

2+/2 g+/dCos[e+fx] |-iV-a-b ~Ja-b EllipticPi[-1, —Ar‘cSin[\/Tan[1 (e+fx” |, -1] +
2

iv-a-b ~a-b EllipticPili, —Ar‘cSin[\/Tan[l (e+fx)] |, -1] +
2

a EllipticPi[—ai_b, ~ArcSin| Tan{l (e+1°x)] 1, -1] -
A/-a-b 2

.. Va-b reSin anleJrX - an1e+x
EllipticPi| _a_b,—A S [\/T [2( £x)] |, -1] \/T [2< x) ]

Problem 2: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J \dCos[e+fx]
(a+bCosfe+fx])/gsSinl[e+fx]

dx

Optimal (type 4, 209 leaves, 4 steps):

2+/2 +/d EllipticPi[- —2——, ArcSin dCos[e+fx] -1] +/sinfe + fx]
[ b-+/ -a2+b? ’ [\/?«/1+Sin[e+fx] L ]

\V-a2+b? f+/gsSinfe+ fx]

2+/2 +/d EllipticPi|[- ——2——, ArcSin| d Cos[e+Fx] |, -1] +/sinfe + fx]
b++/ —a2+b? ﬁxll+$in[e+fx]

v -a2+b? f+/gSinfe + fx]

Result (type 6, 594 leaves):
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1

f(a+bCosfe+fx])/gSin[e+fx] (1+Tan[e+fx]?)*?

2+/dCos[e+fx] Sec[e+fx]2+/Tan[e+fx] b+a\/1+Tan[e+-Fx]2 !
4\/7(a2—b2)3/4
V2 +Ja VTan[e+fx] V2 +Ja V/Tan[e+fx]

\/? —2Ar‘cTan[1— } +2Ar‘cTan[1+

<a27b2)1/4 <a27b2)1/4
Log[/a*-b? -2 Va (az—b2>1/4\/Tan[e+fx] +aTan[e+fx] ]|+
Log[+/a*-b? +V/2 Va (az—b2>1/4\/Tan[e+fx} +aTanf[e+fx]]

} -

+

5 , a’Tan[e+fx]?
,1, =, -Tan[e+fx]?, - ————————] /Tan[e + fx]

4 a27b2

N |

/

e

[5 b (a®-b®) AppellFi[~,

N Sy 1 1 5 , a’Tanle+fx]?
\/1+Tan[e+fx] -5 (a? - b?) AppellF1[~, =, 1, =, -Tan[e+fx]?, - —— | +
4" 2 4 a?-b?
) 5 1 9 , a’Tanfe+fx]?
2 |2a%AppellFl[ =, =, 2, =, -Tan[e+fx]?, - —— | +
4" 2 4 a’-b?
5 3 9 a’Tan[e + fx]?
(a® - b%) AppellFl[ =, =, 1, =, -Tan[e+fx]?, M}J

4" 2 4 a?-b?

Tan[e+fx}2) (-b*+a? (1+Tan[e+fx]2>)]

Problem 3: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

J \VgSin[e + fx]
VdCos[e+fx] (a+bCos[e+fx])

dx

Optimal (type 4, 208 leaves, 5 steps):

Ve EUE
2+/2 +/g V/Cos[e+fx] EllipticPil- axh , ArcSin]| gsinfe - fx] },—1}/
\a \g 1+ Cos[e+Fx]
(\/—a+b va+b -F\/dCos[eJr-Fx]) +
SR ath JgSinte Tl
{2\/—\/_ Cos[e + f x] E111pt1cP1[ ab Ar‘cSm[ gsinfe+ fx] },—1}/
\a g 1+ Cos[e+Fx]

(\/73+b Va+b f+/dCos[e+fx] )

Result (type 6, 596 leaves):
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2Sec[e+fx]2+/gSin[e + fx] (b+a\/1+Tan[e+-Fx]2

VTan[e+fx] VTan[e+fx]
—2Ar‘cTan[1—\E\/? Tan(e+fx] }+2Ar‘cTan[1+\E\/; Tan(e+fx] }+
(az_b2>1/4 <a2_b2>1/4

Log[+/a2-b? -2 V/a (a®-b?)"*+/Tan[e+fx] +aTan[e+fx]]|-Log[~/a*-b? +
V2 va (a?-b2)Y*/Tan[e+fx] +aTan[e+fx]]| /(4\/7\/?<a2—b2)1/4)+

1 7 , @a’Tanf[e+fx]?
, —» 1, —, -Tan[e+fx]%, - —————

7 b (a? - b?) AppellF1
( < ) PP [ 2 4 a%-b?

]Tan[e+fx]3/2J/

MW

[3\/1+Tan[e+fx]2

a’?Tan[e + f x]?

[—7 (a® - b?) AppellFi[ =, l, 1, Z, ~-Tan[e +fx]?%, - |+
2

4 a? - b?

11 5

, 2, —, -Tan[e+fx]°, -
4 a2 -b?

7 3

)

11 , @a’Tan[e+fx]?
=, 1, =, -Tan[e+fx]?, - —— ]
2

> +

NP Nw

5 a’?Tan[e + f x]?
2 |2a® AppellF1] —_—]

5N

2 _b?) AppellFl
(a” - b?) AppellF1] A =

/

(-F\/dCos[eJr-Fx] (a+bCos[e+fx])VTan[e +fx] (1+Tan[e+1‘x]2)3/2)

N

Tan[e + f x]?

(-b*+a? (1+Tan[e+fx]2)>]]

Problem 4: Result unnecessarily involves higher level functions and more than
twice size of optimal antiderivative.

1

dx
J\/dCos[eJrFx] (a+bCos[e+fx])VgsSinfe+fx]
Optimal (type 4, 273 leaves, 7 steps):
JaCesTeTERT
- ZﬁbEllipticPi[—;, ArcSin| dCosfe+fx] |, -1] +/sin[e + fx] /
b-+/-a%+b? AJd V/1+Sinfe+ fx]
(aﬂ—a2+b2 \Jd f+/gsin[e+fx] +
JdCosTeTE
{Z\EbEllipticPi[—a, arcsin[—9CosleFX] 10 41 Sinfes¥x) /
b++-a%+b? \Vd \/1+Sin[e+fx]

EllipticF|e - Eefx, 2] V/sin[2e+2fx]

+

(axl—a2+b2 \Jd f+/gsin[e+fx]

af-/dCos[e+fx] /gsSin[e + fx]

Result (type 6, 5869 leaves):
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4 (a+b) Cos[i (e+fx>]3sin{% (e+fx)]
25Appe11F1[i %, 1, 3, Tan[% (e+Fx)], - (a-b) Tar;[jb(ewxﬂz]J/

o1, 5, Tan[l (e+'FxH2) i (a-b) Tan[i (e+fx>}z

[ (a+b) AppellF1| =, |+
4 2 a+b

e
N|l—\

(a-b) Tan[% <e+-Fx)]2

N | =

, 2, g, Tan| <e+-Fx)]2, -
4

} +

-b\u‘l

2 [2 (a-b) AppellF1[ =,

N |

a+b

(a-b) Tan[l (e+Fx)]2}J

(a+b) AppellF1| =,

3 9 1
;, 1, Z, Tan{; (e+Fx)]2, -

-b\u‘l

a+b

+

Tan[E (e+FxH2

5 1 9 1 2
9 AppellFl[~, =, 1, =, Tan|[~ (e+FxH ,
2 4’2" 7 a 2

(a—b) Tan[i (e+Fx”2

- - ]Tan[%(e+fx)]2/

a-b)Tan[L (e+fx)]?
9 (a+b) AppellFl[ =, =, 1, g, Tan| ( ) [ ( H

4

N |
N |

(e+'FXH2, -

|+

-b\U'I

a+b

13

a-b) Tan[L (e+fx)]?
—,Tan[%(em‘x”z,—( )T {2( )]

9 1
2 [—2 (a-b) AppellFi[=, —, 2,
4" 2 a+b

(a+b) AppellF1[~, (e+fx>]2,

9 3
4 2
) (a-b) Tan[i (e+1°x”2]

a+b

13 1
, 1, —, Tan[f
4 2

5f+/Cos[e+fx] ~/dCos[e +fx] (a+bCos[e+-Fx])2\/Sin[e+1‘x]

\VgSin[e + fx]

1
[ 5(a+bCos[e+fx])Sin[e+fx]*?

2 (a+b) Cos[% (e+fx)}3\/Cos[e+fx} Sin[% (e+fx)]

(a-b) Tan|2 (e+fx)]2

a+2b ] /

25 AppellFi[~,

1 1 5 1 2
=, =, 1, =, Tan[ = (e+fXx) ], -
4 2 4 2
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(a-b) Tan[l <e+fx)]2

a+b) AppellF1l , 1, E, Tan
5(a+b) [

4

N |

(e+fx)]%, -

|+

e
N |

a+b

N |

9 1
5 2, 2 Tan[; (e+Fx”2,

-l>|U'I

2 [2 (a-b) AppellF1| =,

(a-b) Tan[% (e+fx)]2

| + (a+b) AppellF1[ =,
a+b

(a-b) Tan[% (e+-FxH2
Tan[

N | R

(e+fx)]’, -

]

a+b

(a-b) Tan[% (e+fx”2

a+b

9 AppellF1| =,

N |

9 1
> 1, Z; Tan[; (e+'FX>}2, -

Tan[% (e+-FxH2J/

(a-b) Tan[i (eJr-I:xH2

a+b

-b|u-|

9
1, —, Tan[

5 1
(a+b) AppellF1[ =, =
4 2 4

N R
™
+
-4
X

N
.

| +2|-2 (a-b) AppellF1[ =,

Tan[l <e+fx>}21 . (a-b) Tan[i (e+fx>}2

9 3
| + (a+b) AppellF1[ =, =, 1,
2 a+b 4 2
a-b)Tan[L (e+Ffx 2
E,Tan[1<e+-Fx)]2,—( ) [2< )] } Tan[l(eJr-Fx)]z]Jr
4 2 a+b 2
- 2 (a+b) Cos[l(eﬁ:x)]4
5+ Cos[e+fx] (a+bCos[e+fx])~/Sin[e+fx] 2
a-b)Tan[Y (e+fx 2
25 Appel1F1[ =, =, 1, 2, Tan[l(eJrfoZ,,( ) Tan[3 )] }J/
4’ 2 4 2 a+b
a-b)Tan[L (e+Fx)]?
[ (a+b)Appe11F1[3 11,2 Tan[l(ewx)f,_( ) Tan[; | )] .
4 2 4 2 a+b

2 L2, ngan[l<e+fx)]z,_(a—b)Tan[i(eﬂcx)]z

4 2

-2 (a-b) AppellF1[ =,

N |

5
4 } +

a+b

(a+b) AppellF1[ =, (e+-Fx)]2, -

9
, 1, —, Tan[
4

N R

3
2

-b\u‘!

a+b

(a-b) Tan[i <e+fx)]2}J

1 9 1 2
9 AppellFi[=, =, 1, =, Tan|[ = (e+fx)],
2 4 2

s w

2

Tan[l (e+fx”2] N
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(a-b) Tan[i (eJr-I:xH2

1 2
, ronl L (er 67|/
- ] an[2<e+ x)]
a-b)Tan[L (e+Fx)]?
9(a+b)Appe11F1{5, l, 1, g, Tan[l(erFxHZ,—< ) {2( )] |+
4 2 4 2 a+b
2 |-2(a-b) AppellFl[g, l, 2, E, Tan[1 (e+-FxH2,
4 2 4 2
a-b)Tan[L (e+Fx)]?
—( ) [2( H }+(a+b)Appe11F1[2, z, 1, E,
a+b 4 2 4
a-b)Tan[L (e+Fx)]?
Tan[l(e+1:x)]2,—( ) [2( )] ]
2

a+b

1

1
5+ Cos[e+fx] (a+bCosfe+fx])/Sin[e+fx] 2

Sin[% (e+fx”2

(a-b) Tan[i (eJr-I:xH2

(e+fx)]% - -~ }J/

5 1 R (a—b)TanE(ewaH2
> 1, 2 Tan{; (e+fx)]", -

1 5
25 AppellF1[~, =, 1, =, Tan|
2 4

1
4

N |

)

[5 (a+b) AppellF1|

N |

1
4 -

a+b

(a-b) Tan[i <e+fx)]2
2

-2 (a-b) AppellF1] , 2, g, Tan[l(emcx)]z,f ]+
a+b

4 2

3

(a+b) AppellF1|

)

9 1 , (a-b) Tan[i(eﬂcx)]z
, 1, f,Tan[g(e+fx)],f - }J

1 2 5 1 9 1 2
Tan| = (e+fx) | J+ 9 AppellFi[=~, =, 1, =, Tan|[ = (e+fx)]",
2 4 2 4 2
a-b)Tan[L (e+fx)]?
—< ) [2( H ]Tan[l(eﬂcx)]z/
a+b 2

(a-b) Tan[i (eJr-I:xH2

a+b

9 (a+b) AppellF1|

N |

9 1
, 1, Z, Tan[; (e+FxHZ, -

B

F Y,

] +

1 13 1 2
» =52, —, Tan[ = (e+fx) ]|,
2 4 2

2|-2 (a-b) AppellF1]

9
4
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(a-b) Tan[% (e+fx)}2

9 3 13
_ |+ (a+b) AppellFl[~, =, 1, —,
a+b 4 2 4
a-b)Tan[L (e+Fx)]?
Tan[l(ewa)]z,—( ) [2< )] } Tan[l(e+-FxH2J]+
2 a+b 2
1

1 3
4b (a+b) Cos[ = (e+fx) |
5+/Cos[e + f X] (a+bCos[e+1‘:x])2 2

1
Sin{; (e+fx)]~/sin[e+fx]

5 (afb>Tan[i(e+-FxH2

lev 2", - - JJ/

25 AppellF1|

1 5
y 1: e Tan[
2 4

N |

1
4

a-b)Tan[L (e+Fx)]?
[5 <a+b>App611F1[l, l, 1; E, Tan[l (e+'FX)}2)_< > {2( )} ]+
4 2 4 2 a+b
a-b)Tan[L (e+fx)]?
2|-2(a-b) APPEIIFl[E, 12,2, Tan[1<e+fx)]2,—( ) Ten; | ) ]+
) 4 2 a+b
a-b)Tan[L (e+fx)]?
(a*b>APPellF1[E, E, 1, g, Tan[l(ewa)]z,f( ) G )] }J
4" 2 4 2 a+b
Tan[l(e+fx”2]+ 9Appe11F1[E, 1, 1, 2) Tan[l(eﬂcx)f,
2 4" 2 4 2
a-b) Tan[L (e+fx)]?
U O P
a+b 2
a-b)Tan[Y (e+fx 2
9(a+b)Appe11F1[5, 1, 1, 2’ Tan[l(eJr-Fx”z,,( > [2( ” ]+
4" 2" 4 2 a+b
2 |-2 (a-b) AppellF1[>, =, 2, =, Tan[ > (e« fx]]’,
4’ 2 4 2

(a—b) Tan[i (eJr-I:xH2

9 3 13
- | + (a+b) AppellF1[ =, =, 1, —,
a+b 4 2 4
1 2 (a—b)Tan[i(eJr-Fx)]z 1 2
T — +f y — T — +f +
on[ X (e /] 2 T a2 (e
1 2(a+b)Cos[l(e+-FxH3Sin[l(e+fx)]
5Cos[e+fx]*? (a+bCos[e+fx]) 2 2

\/Sin[e + fx]



Mathematica 11.3 Integration Test Results for 4.2.2.2 (g sin)”p (a+b cos)”m (c+d cos)”™n.nb | 9

a-b)Tan[X (e+fx)]?
25A|D|0e11F1[1 12, Tan[l(eJrfoZ,,( ) Tan 5 | )] }J/
42 4 2 a+b
a-b)Tan[L (e+fx)]?
[ (a+b)Appe11F1[l l, 1, E, Tan[l(e+fx)}2,_< ) { ( H T
42 4 2 a+b
a-b)Tan[L (e+fx)]?
2 —2( )AppellFl[E 1, 2, 2) Tan[l<e+fx)]2,_( ) [2< )] }+
4 2 4 2 a+b
a-b)Tan[L (e+fx)]?
(a+b>Appe]_]_F:]_{E i, 1, g, Tan[1<e+fx)]2,,( ) [2< )] }J
4 2 4 2 a+b
Tan[l(e+fx)}2]+ 9API9'311'E1[E 1, 1, 2, Tan{l(emcx)}z,
2 a2 7 a 5
a-b)Tan[L (e+fx)]?
_< | [2( ) ]Tan[l<e+fx)]2/
a+b 2
a-b)Tan[X (e+fx)]?
(a+b) AppellFl{5 1, 1, 2’ Tan[l(eJrFx”z,,( > [2( H ]+
4 2 4 2 a+b
2|-2(a- )AppellFl[2 l, 2, E, Tan[l(eJerHZ)
4 2 4 2

(a-b) Tan[i (e+FxH2

9 3 13
_ | + (a+b) AppellF1[ =, =, 1, —,
a+b 4 2 4
a-b)Tan[L (e+Ffx 2
Tan[%(eJrfx)]z,( ) a[+2b( )] ] Tan[%(e+¥x)}zJ]+
1 3

5+vCos[e+fx] (a+bCos[e+fx])/Sin[e+fx]

Sin[% (e+FxH

|

(a-b) AppellFi[ =,

5
4’ 2 4

(a-b) Tan[2 (e+1°x”2

1 2 1
- 2 Sec[ = (e+f Tan[~ (e+f
a+b } ec[2<e+ XH an{z(e+ XHJ“
a-b)Tan[L (e+fx)]?
: Appel:“:l[E i.v 1, 2; Tan[l(eJr‘FX)}z’f( ) [2( >} ]
10 4’ 2 4 2 a+b
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Sec[l(eJr-FtzTan[l(e+-Fx>] /
2 2
a-b)Tan[L (e+fx)]?
[5 (a+b)Appe11F1[l, 1, 1, E, Tan[l(emcx”z,f( ) [Z( )] |+
4 2 4 2 a+b
a-b)Tan[L (e+Fx)]?
2 -2 (a-b) AppellFl[E, l, 2, g, Tan[l<e+fx)]2,—( ) [2< )] |+
4 2 4 2 a+b
a-b)Tan[L (e+fx)]?
(a+b)Appe11F1[E, i, 1, g, Tan[l(eﬂcx)]z,—( ) [2< )] }]
4’ 2 4 2 a+b
Tan[l(e+-FxH2J+ 9AppellF1[5, l, 1, g, Tan[l(ewaHZ,
2 4 2 4 2
a-b)Tan[L (e+fx)]?
,< ) a[jb( H ]Sec[%(ewa)]zTan[i(e+-FxH/
a-b)Tan[L (e+fx)]?
9(a+b)AppellF1{5, 1, 1, 2, Tan{l(ewaHZ,—( ) [2( )] ]+
4 2 4 2 a+b
2 -2 (a-b) AppellFl[g, l, 2, E, Tan[l (e+fx)}2,
4 2 4 2
a-b)Tan[L (e+fx)]?
—( ) [2( )] }+(a+b)Appe11F1[g, i, 1, E,
a+b 4 2 4
a-b)Tan[L (e+fx)]?
Tan{l(eﬂcx)]z,—( ) [2( )] || Tan[= (e+fx)] |+
2 a+b
9Tan[1(e+-Fx)]2[ 5(a—b>AppellF1[g, 1, 2, E,
2 9 (a+b) 4 2 4
a-b)Tan[L (e+fx)]?
Tan{l(eﬁ:x)]z,—( ) [2( )] }Sec[l(eﬂcx)]z
2 a+b 2

1 5 9 3 13 1 2
Tan[ = (e+fx) |+ —AppellF1[=, =, 1, —, Tan| = (e+fx) ]|,
2 18 4" 2 4 2
a-b)Tan[t (e+fx)]?
ety
a+b 2 2

/

(a-b) Tan[% (e+-FxH2

, 1, 2, Tan[l (e+fx”2, -
4 2 a+b

9 (a+b) AppellF1| |+

)

H |
N |
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9 1 13 1 2
2|-2(a-b) AppellF1[~, =, 2, =, Tan[ =~ (e+fXx) ]|,
4 2 4 2
a-b)Tan[L (e+Ffx 2
7( ) [2( )] }+(a+b>AppellF1[g, E, 1, E,
a+b 4 2 4
a-b)Tan[L (e+fx)]?
Tan[l(eJr-Fx)]z,—( ) [2< )] Tan[l(eJr-FxH J
2 a+b 2
a-b)Tan[l (e+fx)]’
25AppellF1[l, l, 1, E, Tan[l (e+-FxH2, —< ) {2( )] ] |2]-2(a-b)
4 2 4 2 a+b
a-b)Tan[t (e+fx)]’
AppellFl[E, l, 2, g,Tan[l(ewaH ,—< ) {2( )] |+
4 2 2 a+b
a-b)Tan[i (e+Ffx
(a+b)Appe11F1[E, i, 1, -, Tan[l(ewa)]z,—( ) [2< )] }]
4 2 4 2 a+b
1 2 1 1 5
sec[= (e+fx)]’Tan[= (e+f 5 (a+b) |- _b) AppellFi| >,
ec[2 (e+ XH an[2 (e+ XH+ <a+ ) 5(a+b) (a ) ppe [4
a-b)Tan[L (e+fx)]?
3,2, g,Tan[l(eJﬂFx)]z,—( ) [2< )] ]Sec[l(erFxHZ
2 4 2 a+b 2
Tan[l(e+Fx)]+iAppellF1[5, i, 1, 2, Tan[l(eﬂcx)r,
2 10 4 2 4 2
a-b)Tan[t (e+Ffx 2
—( ) a[+2b( H }Sec[%(e+fx)]2Tan[§(e+fx)] +
2Tan[1(e+fx)]2 -2 (a-b) |- ! 10 (a-b) AppellFl[g, 1, 3,
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Summary of Integration Test Results

4 integration problems

A - 0 optimal antiderivatives

B - 0 more than twice size of optimal antiderivatives
C - 4 unnecessarily complex antiderivatives

D - Ounable tointegrate problems

E - Ointegration timeouts



